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Introduction. Let Mpi be the Moduli of smooth curves of genus pi.
It is well known that a generic smooth curve C ∈Mpi with pi ≥ 3 does not have
nontrivial automorphism. In particular a generic smooth curve does not have
involutions.
However, given an smooth curve X of genus g and a divisor b ∈ Div(X)
verifying that 2(b−K) is smooth we can construct a double cover γ : C −→ X ,
where C is a smooth curve of genus pi ≥ 2g− 1. C is not generic because it has
an involution induced by γ. Moreover, we can characterize the divisors b which
provides double covers γ : C −→ X with C hyperelliptic (see [2]). Thus if we
denote by Cgpi the family of curves of genus pi with an involution of genus g and
by Chgpi the family of hyperelliptic curves of genus pi with an involution of genus
g, we have that:
Chgpi ⊂ C
g
pi ⊂Mpi.
In this paper we compute the dimension of Cgpi and Ch
g
pi. Let r = 2(pi − 1) −
4(g − 1). The main results are:
1. If r ≥ 0 then dim(Cgpi) = 2pi − g − 1. Moreover, the dimension of the
family of curves with an involution over a hyperelliptic curve of genus g
is 2pi − 2g + 1.
2. If r < 0 then dim(Cgpi) = ∅.
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3. If r = 0, 2, 4 then dim(Chgpi) = pi.
4. If r < 0 or r > 4 then Chgpi = ∅.
Moreover, we proof that Chgpi = Ch
pi−g
pi . In fact we prove that given an
hyperelliptic curve C of genus pi ≥ 2, an involution of C of genus g composed
with the canonical involution provides an involution of genus pi − g.
1 Preliminaries.
Let C, X be two smooth curves of genus pi and g respectively. Let γ : C −→ X
be a double cover. We know the following facts (see [2]):
1. γ∗OC ∼= OX ⊕ OX(K − b) = Sb is a decomposable geometrically ruled
surface over the curve X . We call it canonical geometrically ruled surface.
b is a nonspecial divisor on X verifying 2b − 2K ∼ B, where B is the
branch divisor. If X0 is the curve of minimum self-intersection of Sb and
X1 ∼ X0 + (b−K)f then C ∼ 2X1. In particular C ∈ 〈2X0 + Bf, 2X1〉.
2. Conversely, let OX ⊕ OX(K − b) be a decomposable geometrically ruled
surface over the curve X , such that 2b − 2K is a smooth divisor. Then
the generic curve C in the linear system |2X1| is smooth and then we
have a double cover C −→ X . Moreover, if C ∈ 〈2X0 + Bf, 2X1〉, with
B ∼ 2b− 2K then the branch divisor of the cover is B.
In order to compute the dimension of the curves with an involution over a
fixed curve X , we have to study when two curves in the linear system |2X1| are
isomorphic. In this way we have the following proposition:
Proposition 1.1 Let X be a smooth curve of genus g. Let b be a nonspecial
divisor of degree b ≥ 2g − 2 defining a canonical ruled surface S
b
. Let B ∼
2b − 2K be different points. Then, there is a unique curve C ∈ |2X1| up to
isomorphism with a 2 : 1 map γ : C −→ X whose ramification points over X
are the points of B.
Proof: We know that given a curve X1 ∈ |X0+(b−K)f |, a generic curve C of
the pencil L = 〈2X0 + Bf, 2X1〉 is a curve with an involution γ : C −→ X and
ramification points at B (see Lemma 1.9 and Theorem 1.10 in [2]). This curve
is invariant by the unique involution of S
b
that fixes the curves X0 and X1. In
this way, C meets each generator in two points and these points are related by
the involution.
2
Let C and C′ be two curves of the pencil L. Let Pf be a generic generator.
We can define an automorphism of S
b
that fixes X0 ∩ Pf , X1 ∩ Pf and takes
a point of C ∩ Pf into a point of C′ ∩ Pf . If we consider the restriction of this
automorphism to the pencil L we see that it takes C into C′ and the two curves
are isomorphic.
Now, let X1 and X
′
1
two irreducible curves of the linear system |X0 + (b −
K)f |. Since S
b
is a decomposable ruled surface we can define an automorphism
of S
b
that takes X1 into X
′
1. In this way the curves of the pencils L = 〈2X0 +
Bf, 2X1〉 and L = 〈2X0 + Bf, 2X ′1〉 are isomorphic and our claim follows.
2 Computing the dimensions.
Proposition 2.1 Let CXpi be the family of smooth curves of genus pi ≥ 1 with
an involution over a smooth curve X of genus g > 0. Let r = 2(pi−1)−4(g−1).
1. If r > 0 then dim(CXpi ) = r − dim(Aut(X)).
2. If r = 0 then dim(CXpi ) = 0.
3. If r < 0 then CXpi = ∅.
Proof: Let C a smooth curve with an involution over the curve X of genus g.
Let γ : C −→ X be the 2 : 1 map. By Hurwitz Theorem we know that the map
X has r = 2(pi − 1)− 4(g − 1) ramifications. If r is negative CXpi = ∅.
1. Suppose that r > 0. Consider the following incidence variety:
J = {(C,B) ∈ CXpi × U
r/C has an involution branched at B ∈ X}
where Ur ⊂ SrX are the open set of r unordered different points. We
have two projection maps: p : J −→ CXpi and q : J −→ U
r.
Given a curve C ∈ CXpi there is a 2 : 1 map C −→ X with r ramifi-
cations. From this, p is a surjection. Moreover, since pi > 1 the group
of automorphisms of C is finite, so there are a finite number of invo-
lutions of C over X . In this way we obtain a finite number of possi-
ble ramification points of X up to automorphisms of X . But if g = 1,
dim(Aut(X)) = 1 and r ≥ 1 and if g > 1, dim(Aut(X)) = 0. From this
there is at most a finite number of automorphism fixing r generic points.
Therefore, dim(p−1(C)) = dim(Aut(X)).
On the other hand, given a set β ∈ X of r different points we can take a
divisor b ∈ Div(X) such that 2b− 2K ∼ β. Let S
b
be the corresponding
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canonical ruled surface. By Proposition 1.1, there is a unique curve C ∈
|2X1| ⊂ Sb with an involution overX with branch points over the set β, so
q is a surjection. Furthermore, we know that a curve C with an involution
over the curve X lays on the linear system |2X1| of a canonical ruled
surface. Since there are a finite number of divisors b satisfying 2b−2K ∼ b
(see [2] ), we see that dim(q−1(C)) = 0 and dim(J) = dim(U r) = r.
Thus, we have:
dim(CXpi ) = dim(J)− dim(p
−1(C)) = r − dim(Aut(X)).
2. Suppose that r = 0. In this case there are not ramification points. Given
a curve C ∈ CXpi we know that lays on the canonical system |2X1| of a
canonical ruled surface S
b
with 2b − 2K ∼ 0. All curves of this system
are isomorphic (Proposition 1.1). Moreover, there are a finite number of
divisors b verifying 2b ∼ 2K. Thus dim(CXpi ) = 0.
Proposition 2.2 Let ChXpi be the family of smooth hyperelliptic curves of genus
pi ≥ 1 with an involution over a smooth curve X of genus g. Let r = 2(pi− 1)−
4(g − 1). Then:
1. If X is neither elliptic nor hyperelliptic then ChXpi = ∅.
2. If X is elliptic or hyperelliptic then:
(a) If r > 4 (pi > 2g + 1) or r < 0 (pi < 2g − 1) then ChXpi = ∅.
(b) if r = 4 (pi = 2g + 1) then dim(ChXpi ) = 2
(c) If r = 2 (pi = 2g) then dim(ChXpi ) = 1.
(d) If r = 0 (pi = 2g − 1) then dim(ChXpi ) = 0.
Proof: We apply Theorem 3.6 of [2]. We see that ChXpi = ∅ except when X
is elliptic or hyperelliptic and r = 0, 2, 4.
1. Suppose that r = 2 or r = 4. By Theorem 3.6 of [2], the branch divisor β
verifies:
(a) If X is hyperelliptic and r = 4 then β ∼ 2g12.
(b) If X is elliptic and r = 4 then β ∼ a1 + a2 + a3 + a4 with a1 + a2 ∼
a3 + a4.
(c) If X is hyperelliptic and r = 2 then β ∼ g12.
(d) If X is elliptic and r = 2 then β ∼ a1+a2 for any a1, a2 ∈ X , a1 6= a2.
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Thus, if we consider the incidence variety:
Jh = {(C,B) ∈ Ch
X
pi × U
r/C has an involution branched at B ∈ X}
in this case the projection map qh : Jh −→ U r is not a surjection. In fact
we have:
(a) If X is hyperelliptic and r = 4 then dim(Im(qh)) = 2.
(b) If X is elliptic and r = 4 then dim(Im(qh)) = 3.
(c) If X is hyperelliptic and r = 2 then dim(Im(qh)) = 1.
(d) If X is elliptic and r = 2 then dim(Im(qh)) = 2.
Now, reasoning as in the proposition above we obtain:
dim(ChXpi ) = dim(Jh)− dim(p
−1(C)) = dim(Im(qh))− dim(Aut(X)).
and the result follows.
2. Suppose that r = 0. By Theorem 3.6 of [2], ChXpi 6= ∅ when X is elliptic
or hyperelliptic and then dim(ChXpi ) = 0.
Proposition 2.3 Let Cgpi be the family of smooth curves of genus pi > 1 with an
involution over a curve of g ≥ 0. Let r = 2(pi − 1)− 4(g − 1).
1. If r > 0 (pi > 2g − 1) then dim(Cgpi) = r − dim(Aut(X)) + dim(Mg).
2. If r = 0 (pi = 2g − 1) then dim(Cgpi) = dim(Mg).
3. If r < 0 (pi < 2g − 1) then dim(Cgpi) = ∅.
From this, dim(Cgpi) = 2pi − g − 1. Moreover, the dimension of the family of
curves with an involution over a hyperelliptic curve of genus g is 2pi − 2g + 1.
Proof: Since a curve of genus pi > 1 has at most a finite number of involu-
tions, such curve only has involutions over a finite number of curves of genus g.
Therefore, dim(Cgpi) = dim(C
X
pi ) + dim(Mg).
Moreover, we know that:
When g = 0 then dim(Mg) = 0 and dim(Aut(X)) = 3.
When g = 1 then dim(Mg) = 1 and dim(Aut(X)) = 1.
When g > 1 then dim(Mg) = 3(g − 1) and dim(Aut(X)) = 0.
If g ≥ 2 the dimension of the family of hyperelliptic curves of genus g is
dim(C0g) = 2g − 1.
5
We have supposed that pi > 1 so r > 0 when g = 1 or g = 0. Now, applying
Proposition 2.1 the result follows.
Proposition 2.4 Let Chgpi be the family of smooth hyperelliptic curves of genus
pi > 1 with an involution over a curve of g ≥ 0. Let r = 2(pi − 1)− 4(g − 1).
1. If r = 0, 2, 4 (pi = 2g − 1, 2g, 2g + 1) then dim(Chgpi) = pi.
2. If r < 0 (pi < 2g − 1) or r > 4 (pi > 2g + 1) then Cgpi = ∅.
Proof: Since a curve of genus pi > 1 has at most a finite number of involu-
tions, such curve only has involutions over a finite number of curves of genus
g. Therefore, dim(Chgpi) = dim(Ch
X
pi ) + dim(C
0
g). Moreover, we know that
dim(C0g) = 2g − 1. Applying the Proposition 2.2 the result follows.
Remark 2.5 Note that the dimension of Chgpi does not depend of g. The reason
is that an involution of a hyperelliptic curve C of genus g provides an involution
of genus pi − g, if we compose it with the canonical involution. We will study
this situation in next section.
3 The hyperelliptic case.
Let C be an hyperelliptic curve of genus pi ≥ 2. C has a canonical involution
defined by its unique pi1
2
. We will denote it by δ : C −→ C, with δ(P ) = pi1
2
−P .
Note that any automorphism ν : C −→ C of C verifies that ν(pi1
2
) = pi1
2
, so it
commutes with δ.
Let σ : C −→ C be an involution of genus g and γ : C −→ X the correspond-
ing double cover. Let b the divisor of X such that γ∗OC ∼ OX ⊕OX(K − b).
Lemma 3.1 Let P be a point of C. Then δ(P ) = σ(P ) if and only if x = γ(P)
is a base point of b.
Proof: Let x = γ(P). Then δ(P ) = σ(P ) if and only if γ∗(x) ∼ pi12 . But
γ∗(x) ∼ pi1
2
⇐⇒ h0(OC(KC − γ
∗(x))) = h0(OC(KC))− 1
and
h0(OC(KC − γ∗(x))) = h0(OS
b
(X0 + (b− x)f) =
= h0(OX(K − x)) + h0(OX(b− x))
h0(OC(KC)) = h0(OS
b
(X0 + bf) = h
0(OX(K)) + h0(OX(b))
Because KX is base-point-free the conclusion follows.
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Theorem 3.2 Let C an hyperelliptic curve of genus pi ≥ 2. Let σ : C −→ C be
an involution of genus g. Then δσ is an involution of C of genus pi − g.
Proof: Note that δσ is an involution, because σ commutes with any automor-
phism of C.
Let us study the ramifications points of δσ. We have that δσ(P ) = P ⇐⇒
σ(P ) = δ(P ). By Lemma 3.1, this happens when γ(x) is a base point of b. Thus,
the ramification points of δσ are {γ−1(x)/x is a base point of b}.By Theorem
3.6 of [2] we know:
1. If pi = 2g + 1, b = K + g1
2
and b is base-point-free.
2. If pi = 2g, b = K + P , with 2P ∼ g1
2
and b has one base point.
3. If pi = 2g − 1, b =
∑g−2
1
g12 + P +Q, with 2P ∼ 2Q ∼ g
1
2 , and b has two
base points except when X is elliptic. But we have supposed pi ≥ 2 so in
this case g > 1.
From this we see that the number of ramifications of δσ is 0, 2, 4 when
pi = 2g + 1, 2g, 2g − 1 respectively. Applying Hurwitz’s formula we obtain that
the genus of δσ is pi − g.
Corollary 3.3 If pi ≥ 2 and g ≥ 1 then Chgpi = Ch
pi−g
pi .
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